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A NOTE ON THE AFFINE VERTEX ALGEBRA ASSOCIATED
TO gl(1|1) AT THE CRITICAL LEVEL AND ITS
GENERALIZATIONS
DRAZˇEN ADAMOVIC´
Abstract. In this note we present an explicit realization of the affine vertex
algebra V cri(gl(1|1)) inside of the tensor product F⊗M where F is a fermionic
verex algebra and M is a commutative vertex algebra. This immediately gives
an alternative description of the center of V cri(gl(1|1))) as a subalgebra M0 of
M . We reconstruct the Molev-Mukhin formula for the Hilbert-Poincare series
of the center of V cri(gl(1|1)). Moreover, we construct a family of irreducible
V cri(gl(1|1)) –modules realized on F and parameterized by χ+, χ− ∈ C((z)).
We propose a generalization of V cri(gl(1|1)) as a critical level version of the
super W1+∞ vertex algebra.
Dedicated to the memory of Sibe Mardesˇic´
1. Introduction
Let g be the Lie superalgebra, and gˆ = g⊗ C[t, t−1] + CK the associated affine
Lie superalgebra. The representation theory of affine Lie superalgebras at certain
level k is closely related with the representation theory of the universal affine vertex
algebra V k(g) associated to g.
For a given vertex algebra V , it is important problem to describe the structure
of the center of V . The center is defined as the following vertex subalgebra of V :
Z(V ) = {v ∈ V | [Y (v, z), Y (w, z)] = 0 ∀w ∈ V }.
In the case of affine vertex algebras, the center is non-trivial only in the case
of critical level. We denote the universal affine vertex algebra at the critical level
by V cri(g) and its center by Z(ĝ). When g is a simple Lie algebra, the center of
V cri(g), called the Feigin-Frenkel center, is finitely-generated commutative vertex
algebra (see [6], [7], [8]).
But in the case of Lie superalgebras, Z(ĝ) can be infinitely–generated and it is
not completely understood yet.
In the recent paper [15], A. Molev and E. Mukhin determined the structure
of Z(g) in the case g = gl(1|1), and presented conjectures on the structure of the
center for g = gl(m|n). In the case g = gl(1|1), they constructed a family of central,
Sugawara elements (see also [16]) and proved that these central elements generate
Z(g) (see [15, Theorem 2.1]).
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The aim of this note is to present an alternative construction of the center of
V cri(g) in the case g = gl(1|1) by using an explicit free-field realization of V cri(g).
Let us describe our result. We consider the commutative vertex algebra
M = C[a±(m+ 1/2) |m ∈ Z<0]
which is uniquely determined by the following commutative fields:
a±(z) =
∑
m<0
a±(m+ 1/2)z−m−1.
We prove:
Theorem 1.1. Z(ĝ) is isomorphic to a vertex subalgebra of M generated by the
following fields
a+(z) ∂ka−(z), k ≥ 0.
In particular, the Hilbert Poincare series of Z(ĝ) coincides with the q-character of
the simple vertex algebra W1+∞,c with c = −1.
In Section 4, we explicitly construct a large family of the irreducible V cri(gl(1|1))
modules parametrized by χ±(z) ∈ C((z)). It is interesting that these modules are
realized on the Clifford vertex algebra F .
It will be interesting to study generalization of our description of Z(ĝ) for g =
gl(1|1) in various directions. Of course, the most important open question is the
determination of the center in the case g = gl(m|n). It seems that the general
case is much more complicated. But in the present paper we propose one different
generalization. In Section 5 we introduce a vertex algebra Vn having large center,
such that V1 = V
cri(gl(1|1)). The construction of Vn is a critical level version of the
super W1+∞–algebra, constructed and analysed by T. Creutzig and A. Linshaw in
[5].
In our forthcoming papers we shall study these generalizations in more details.
Acknowledgment. We would like to thank Alexander Molev and Antun Milas
for useful discussions. The author is partially supported by the Croatian Science
Foundation under the project 2634 and by the Croatian Scientific Centre of Excel-
lence QuantiXLie.
2. Certain vertex algebras
In the paper we assume that the reader is familiar with the basic theory of vertex
algebras. In this section we briefly review results on vertex algebras which we use
in the paper.
2.1. The affine vertex algebra V cri(gl(m|n)). The vertex algebras associated to
affine Lie superalgebras are most important examples of vertex algebras (cf. [7],
[11], [13]).
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We recall the definition of universal affine vertex algebra V cri(gl(m|n)) following
notations in [15].
For 1 ≤ j ≤ m+ n we define j¯ ∈ Z2:
j¯ = 0¯ for 1 ≤ j ≤ m, j¯ = 1 for m+ 1 ≤ j ≤ m+ n.
Let g be Lie superalgebra gl(m|n) with standard basis Ei,j , 1 ≤ i, j ≤ n +m.
The affine Lie superalgebra gˆ = g⊗ C[t, t−1] + CK with commutation relations
[Ei,j(r), Ek,ℓ(s)] = δk,jEi,ℓ(r + s)− δi,ℓEk,j(r + s)(−1)
(¯i+j¯)(k¯+ℓ¯)
+K
(
(n−m)δk,jδi,ℓ(−1)
i¯ + δi,jδk,ℓ(−1)
i¯+k¯
)
rδr+s,0(2.1)
where K is even central element, and x(n) = x⊗ tr for x ∈ g, r, s ∈ Z.
Let Cv be the 1–dimensional P = g⊗ C[t] + CK–module such that
Kv = v, (g⊗ C[t])v = 0.
Then the gˆ–module
V cri(g) = U(gˆ)⊗U(P ) Cv
has the vertex algebra structure which is uniquely generated by the fields
x(z) =
∑
r∈Z
x(r)z−r−1 (x ∈ g).
The vertex algebra V cri(g) is called the universal affine vertex algebra at the critical
level.
The center of V cri(g) has the following description
Z(gˆ) = {w ∈ V cri(g) |(g⊗ C[t]).w = 0}.
Remark 2.1. The standard choice of central element in gˆ is C = (n −m)K and
it acts on V cri(g) as −h∨Id. Moreover, if m 6= n, then the standard definition of
the affine vertex algebra V −h
∨
(g) at the critical level coincides with V cri(g). But
the case m = n is different. It was observed in [15] and [16] that then one needs to
take central element K acting as identity on V cri(g).
2.2. Clifford vertex algebras. The Clifford algebra CLn is a complex associative
algebra generated by
Ψ±i (r), r ∈
1
2 + Z, 1 ≤ i ≤ n,
and relations
{Ψ±i (r),Ψ
∓
j (s)} = δi,jδr+s,0; {Ψ
±
i (r),Ψ
±
j (s)} = 0
where r, s ∈ 12 + Z.
Let F (n) be the irreducible CL–module generated by the cyclic vector 1 such
that
Ψ±i (r)1 = 0 for r > 0.
As a vector space, F (n) is isomorphic to the exterior algebra
F (n) ∼=
∧(
Ψ±i (−m−
1
2 ) |m ∈ Z≥0, i = 1, . . . , n
)
.
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Define the following fields on F (n)
Ψ+i (z) =
∑
m∈Z
Ψ+i (m+
1
2 )z
−m−1, Ψ−i (z) =
∑
m∈Z
Ψ−i (m+
1
2 )z
−m−1.
The fields Ψ+i (z) and Ψ
−
i (z), i = 1, . . . , n generate on F
(n) the unique structure
of a simple vertex algebra (cf. [7], [11]).
It is well-known that the vertex subalgebra of F (n) generated by the vectors
{ei,j = Ψ
+
i (−
1
2
)Ψ−j (−
1
2
)1 | i, j = 1, . . . , n}
is isomorphic to the simple affine vertex algebra V1(gln) at level 1. This implies
that the Lie algebra gln acts on F
(n) by derivations. The fixed point subalgebra
(F (n))gln
is isomorphic to the simple vertex algebra W1+∞ at central charge c = n (see [10]
for details on this construction).
Let us consider the case n = 1. Set F := F (1), Ψ±(z) = Ψ±1 .
A basis of F is given by
Ψ+(−n1 −
1
2 ) · · ·Ψ
+(−nr −
1
2 )Ψ
−(−k1 −
1
2 ) · · ·Ψ
−(−ks −
1
2 )1(2.2)
where ni, ki ∈ Z≥0, n1 > n2 > · · · > nr, k1 > k2 > · · · > ks.
Let α := Ψ+(−1/2)Ψ−(−1/2)1. Then the operator α(0) defines on F the fol-
lowing Z–gradation
F =
⊕
ℓ∈Z
Fℓ,
where
Fℓ = {v ∈ F | α(0)v = ℓv}.
A basis of Fℓ is given by vectors (2.2) such that ℓ = r − s.
Recall here that by using a boson–fermion correspondence, the fermionic vertex
algebra F can be realized as the lattice vertex algebra VL = M(1)⊗ C[L] where
L = Zα, 〈α, α〉 = 1,
M(1) is the Heisenberg vertex algebra generated by α and C[L] is the group algebra
of L. In particular, as M(1)–modules Fℓ ∼= M(1).e
ℓα.
2.3. Weyl vertex algebra W (n). The Weyl vertex algebra W (n) is generated by
the fields
γ±i (z) =
∑
m∈Z
γ±i (m+
1
2 )z
−m−1,
whose components satisfy the commutation relation for Weyl algebra
[γ+i (r), γ
−
j (s)] = δi,jδr+s,0, [γ
±
i (r), γ
±
j (s)] = 0 (r, s ∈
1
2 + Z, i, j = 1, . . . , n).
Choose the following Virasoro vector of central charge c = −n:
ω =
1
2
n∑
i=1
(
γ−i (−
3
2 )γ
+
i (−
1
2 )− γ
+
i (−
3
2 )γ
−
i (−
1
2 )
)
1.
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The associated Virasoro field is given by
L(z) =
1
2
n∑
i
(
: (∂γ−i (z))γ
+
i (z) : − : (∂γ
+
i (z))γ
−
i (z) :
)
=
∞∑
m=−∞
L(m)z−m−2.
The vertex subalgebra of W (n) generated by the vectors
{ei,j = −γ
+
i (−
1
2
)γ−j (−
1
2
)1 | i, j = 1, . . . , n}
is isomorphic to the simple affine vertex algebra V−1(gln) at level −1. This real-
ization was found by A. Feingold and I. Frenkel in [9], and the simplicity of the
realization (for n ≥ 3) was proved by the author and O. Persˇe in [3].
This again implies that the Lie algebra gln acts on W
(n) by derivations. The
fixed point subalgebra
(W (n))gln
is isomorphic to the simple vertex algebra W1+∞ at central charge c = −n (for
details see [12]). We denote this vertex algebra by W1+∞,−n.
The case n = 1 was studied by W. Wang in [17]. It was proved in [17, Section
5] that the q–character (i.e., the Hilbert–Poincare series ) of W1+∞,−1 with respect
to L(0) is given by
ch[W1+∞,−1](q) = tr q
L(0)|W1+∞,−1
= Reszz
−1 1∏
k≥1(1− q
k−1/2z)(1− qk−1/2z−1)
=
1
(q)2∞
∑
n∈Z
sign(n)q2n
2+n =
1
(q)2∞
∞∑
k=0
(−1)kq
k2+k
2 .(2.3)
By using [15, Proposition 3.3] or [4, Example 7.1] we see that (2.3) can be written
as
1
(q)2∞
∑
n∈Z
sign(n)q2n
2+n =
1
(q)∞
∞∑
k=0
qk
2+k
(q)2k
.(2.4)
In the above formulas we use standard notations:
(q)∞ =
∏
i≥1
(1 − qi), (q)k =
k∏
i=1
(1 − qi).
Remark 2.2. We should mention that the identity (2.4) was first proved by Ra-
manujan. Let W(2, 2p − 1) denotes the singlet vertex algebra with central charge
c1,p = 1 − 6(p − 1)
2/p (cf. [2]). Note that W1+∞,−1 is isomorphic to the ten-
sor product of a rank-one Heisenberg vertex algebra and the singlet vertex algebra
W(2, 2p−1) for p = 2. So the combinatorial identity (2.4) is essentially the q–series
identity of the vacuum character for W(2, 2p− 1) for p = 2.
An interesting generalization of the identity (2.4) for W(2, 2p − 1)– characters
for p ≥ 3 was proved by K. Bringmann and A. Milas in [4, Proposition 7.2].
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2.4. Commutative vertex algebra M (n). Let
M (n) = C[a+i (m+
1
2
), a−i (m+
1
2
) | m ∈ Z<0, i = 1, . . . , n]
be the commutative vertex algebra generated by the fields
a±i (z) =
∑
m∈Z<0
a±i (m+
1
2
)z−m−1.
The 12Z≥0–grading on M
(n) is given by the operator d ∈ End(M (n)) which is
uniquely determined by the following formula:
[d, a±i (m+
1
2
)] = −(m+
1
2
)a±i (m+
1
2
).
The Lie algebra gln acts on the vertex algebra M
(n) by derivations. This action
is uniquely determined by the following formula:
ei,j .a
+
k (r) = δj,ka
+
i (r), ei,j .a
−
k (r) = −δi,ka
−
j (r),
for 1 ≤ i, j ≤ n, r ∈ 12 + Z.
Moreover (M (n))gln is a subalgebra of M (n). (M (n))gln is d–invariant, and the
operator d defines Z≥0–grading in (M
(n))gln .
In the case n = 1 we set a±(z) := a±1 (z). The vertex algebra M = M
(1) has the
following Z–gradation
M =
⊕
ℓ∈Z
Mℓ,
where Mℓ is a linear span of vectors
a+(−n1 −
1
2 ) · · · a
+(−nr −
1
2 )a
−(−k1 −
1
2 ) · · · a
−(−ks −
1
2 )1(2.5)
such that ni, ki ∈ Z≥0, n1 > n2 > · · · > nr, k1 > k2 > · · · > ks and ℓ = r − s.
It is easy to see that M0 is a vertex subalgebra of M and that M0 is strongly
generated by vectors
a+(−1/2)a−(−m− 1/2)1 (m ∈ Z≥0).(2.6)
Remark 2.3. By using construction from [14] one can show a more general result
that (M (n))gln is strongly generated by vectors
n∑
i=1
a+i (−1/2)a
−
i (−m− 1/2)1 (m ∈ Z≥0).
M0 is a graded commutative vertex algebra with the following Z≥0–gradation:
M0 =
∞⊕
m=0
M0(m) M0(m) = {v ∈M0(m) dv = mv}.
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The Hilbert–Poincare series of M0 is
∞∑
m=0
dimM0(m)q
m
= Reszz
−1 1∏
k≥1(1 − q
k−1/2z)(1− qk−1/2z−1)
=
1
(q)∞
∞∑
k=0
qk
2+k
(q)2k
.
Therefore M0 is a graded commutative vertex algebra whose Hilbert–Poincare
series is given by (2.3).
Let χ±(z) =
∑
n∈Z χ
±
n z
−n−1 ∈ C((z)). LetM(χ+, χ−) denotes the 1–dimensional
irreducibleM–module with the property that every element a±(n) acts onM(χ+, χ−)
as multiplication by χ±n ∈ C.
3. The main result
In this section we shall present an explicit realization of the vertex algebra
V cri(gl(1|1)). Our construction is similar to the realization of affine gl(1|1) from
[11]. Main difference is that we replace Weyl vertex algebra (also called the sym-
plectic boson vertex algebra) by the commutative vertex algebra M .
We consider the following subalgebra of F ⊗M :
V = (F ⊗M)0 =
⊕
ℓ∈Z
Fℓ ⊗M−ℓ.(3.7)
Let us denote by Z(V ) the center of the vertex algebra V .
Lemma 3.1. Z(V ) is isomorphic to the vertex algebra M0.
Proof. First we notice that M0 ⊂ Z(V ). Since α ∈ V , we have that the Heisenberg
vertex algebra M(1) is a subalgebra of V . By using the fact that each Fℓ is irre-
ducible M(1)–module with highest weight vector eℓα we see that Z(V ) is contained
in M0. The proof follows. 
We have the following result:
Theorem 3.1.
(1) The vertex algebra V is strongly generated by
{Ei,j | i, j = 1, 2}
where
E1,1 = α(3.8)
E1,2 = Ψ
+(− 12 )a
−(− 12 )1(3.9)
E2,1 = Ψ
−(− 12 )a
+(− 12 )1(3.10)
E2,2 = a
+(− 12 )a
−(− 12 )1− α(3.11)
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(2) The vertex algebra V is isomorphic to V cri(gl(1|1)).
(3) The center of V is isomorphic to the commutative vertex algebra M0. Its Hilbert-
Poincare series is given by (2.4).
Proof. The proof of assertion (1) is similar to [11]. Since n ≥ 0 we have
E1,1(n)E1,2 = δn,0E1,2, E1,1(n)E2,1 = −δn,0E2,1, E1,1(n)E2,2 = −δn,1,
E2,2(n)E1,2 = −δn,0E1,2, E2,2(n)E2,1 = δn,0E2,1,
E1,2(n)E2,1 = δn,0(E1,1 + E2,2)
the commutator formula for vertex algebras directly implies that the components
of the fields
Ei,j(z) = Y (Ei,j , z) =
∑
n∈Z
Ei,j(n)z
−n−1 i, j ∈ {1, 2}
satisfy the commutation relations (2.1) for the affine gl(1|1) at the critical level.
This gives a vertex algebra homomorphism Φ : V cri(gl(1|1))→ V.
Let U = Im(Φ) = V cri(gl(1|1)).1, i.e., U is the vertex subalgebra of V generated
by elements (3.8)–(3.11). Consider
Û =
⊕
s∈Z
V cri(gl(1|1)).esα.
As in [11] we see that each V cri(gl(1|1)).esα is obtained from U by applying a
spectral flow automorphism for ĝl(1|1), and therefore
(V cri(gl(1|1)).esα) · (V cri(gl(1|1)).erα) ⊂ V cri(gl(1|1)).e(r+s)α (r, s ∈ Z).
This implies that Û is a vertex subalgebra of F ⊗M . Since
a+(− 12 )1 = E2,1(0)Ψ
+(− 12 )1, a
−(− 12 )1 = E1,2(0)Ψ
−(− 12 )1
we get
e±α, a±(− 12 )1 ∈ V
cri(gl(1|1)).e±α ⊂ Û .
So all generators of F⊗M belong to the vertex subalgebra Û . Therefore F⊗M = Û ,
which proves that U = V . This proves (1).
This gives a surjective vertex algebra homomorphism
Φ : V cri(gl(1|1))→ V.
The injectivity can be proved easily by using the PBW basis of V cri(gl(1|1)), which
proves (2). The assertion (3) follows from Lemma 3.1. The proof follows.

Remark 3.1. It is interesting that the Hilbert-Poincare series of the center of
V cri(gl(1|1)) coincides with ch[W1+∞,−1](q). It is a natural question to see if
there is a similar interpretation of the Hilbert-Poincare series for the center of
V cri(gl(n|n)) for general n. A different type of generalization will be proposed in
Section 5.
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4. Modules for V crit(gl(1|1)) of the Whittaker type
Affine vertex algebras at critical levels also contain modules of the Whittaker
type. In the case of the affine Lie algebra A
(1)
1 such modules were constructed by
the author, R. Lu and K. Zhao in [1]. In this section we show that our realization
from Section 3 can be applied in a construction of the Whittaker type of modules
for V cri(gl(1|1)).
Theorem 4.1. For every χ+, χ− ∈ C((z)), χ± 6= 0, F (χ+, χ−) := F ⊗M(χ+, χ−)
is an irreducible V cri(gl(1|1))–module.
Proof. Since M(χ+, χ−) is a M–module, we have that F ⊗M(χ+, χ−) is a F ⊗M–
module, and therefore F (χ+, χ−) is a (F ⊗ M)0 = V
cri(gl(1|1))–module. Since
M(χ+, χ−) is 1-dimensional, it follows that as a vector space F (χ+, χ−) is isomor-
phic to F .
We first prove that F (χ+, χ−) is a cyclic V cri(gl(1|1))–module and F (χ+, χ−) =
V cri(gl(1|1)).1. Since χ± 6= 0, there are p± ∈ Z such that
χ±(z) =
∑
j≥−p±
χ±−jz
j−1 χ±p± 6= 0.
The action of E1,2(n) and E2,1(n) are given by the following formulas:
E1,2(n) =
∑
j≥−p−
χ−−jΨ
+(n− 1/2 + j),(4.12)
E2,1(n) =
∑
j≥−p+
χ+−jΨ
−(n− 1/2 + j).(4.13)
Relations (4.12) -(4.13) imply that for m ∈ Z>0
E1,2(p
− −m+ 1) · · ·E1,2(p
−)1 = (χ−p−)
mΨ+(−m− 12 ) · · ·Ψ
+(− 12 )1
= ν1e
mα (ν1 6= 0),
E2,1(p
+ −m+ 1) · · ·E2,1(p
+)1 = (χ+p+)
mΨ−(−m− 12 ) · · ·Ψ
−(− 12 )1
= ν2e
−mα (ν2 6= 0).
This proves that eℓα ∈ V cri(gl(1|1)).1 for every ℓ ∈ Z. Since the Heisenberg vertex
algebra M(1) is a subalgebra of V cri(gl(1|1)), we get that Fℓ ⊂ V
cri(gl(1|1)).1 for
each ℓ. Therefore F (χ+, χ−) is a cyclic module.
Assume that U is a non-trivial submodule in F (χ+, χ−). Using the action of the
Heisenberg vertex algebra M(1) we get that there is ℓ0 ∈ Z such that e
ℓ0α ∈ U .
By using the actions of elements E1,2(n) and E2,1(n) and formulas (4.12) -(4.13),
we easily get that eℓα ∈ U for every ℓ ∈ Z. Finally, by applying the action of the
Heisenberg vertex algebra M(1) on vectors eℓα we get that Fℓ ⊂ U for every ℓ ∈ Z.
The proof follows. 
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5. A generalization
We shall briefly discuss a possible generalization of our construction. We omit
some technical details, since a more detailed analysis will be presented in our forth-
coming papers.
Let n ∈ Z>0, and consider the vertex algebras F
(n) and M (n). These vertex
algebras admit a natural action of the Lie algebra gln (see previous sections). So
gln acts on F
(n)⊗M (n). Define the vertex algebra Vn as the fixed point subalgebra
of this action:
Vn = (F
(n) ⊗M (n))gln .
Let Z(Vn) denotes the center of the vertex algebra Vn.
Proposition 5.1. Z(Vn) is isomorphic to the vertex algebra (M
(n))gln .
Proof. Clearly (M (n))gln ⊂ Z(Vn). Next we notice that F
(n) is a completely re-
ducible W1+∞,n × gln–module. By using the explicit decomposition from [10] and
[12] we see that
{v ∈ F (n) | umv = 0 ∀u ∈ W1+∞,n, m ≥ 0} = C1.
SinceW1+∞,n is a vertex subalgebra of Vn, we get that Z(Vn) ⊂M∩Vn = (M
(n))gln .
The claim follows. 
Proposition 5.2. The vertex algebra Vn is strongly generated by the following
vectors
j0,k = −
n∑
i=1
Ψ+i (−1/2)Ψ
−
i (−k − 1/2)1,(5.14)
j1,k =
n∑
i=1
a+i (−1/2)a
−
i (−k − 1/2)1,(5.15)
j+,k = −
n∑
i=1
Ψ+i (−1/2)a
−
i (−k − 1/2)1,(5.16)
j−,k =
n∑
i=1
a+i (−1/2)Ψ
−
i (−k − 1/2)1,(5.17)
where 0 ≤ k ≤ n− 1.
Proof. The proof is essentially the same as the proof of [5, Theorem 7.1]. Here is
the sketch of the proof with the explanation of some basic steps.
• The vertex algebra F (n) ⊗M (n) admits the filtration
SM0 ⊂ SM1 ⊂ · · · , F
(n) ⊗M (n) = ∪k≥0SMk,
where SMk is spanned by the products of generators Ψ
±
i (−n − 1/2),
a±i (−n − 1/2) of length at most k. Since the action of gln preserves the
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above filtration on F (n)⊗M (n), we have the isomorphism of the associated
graded (super)algebras:
gr(Vn) =
(
gr(F (n) ⊗M (n))
)gln
=
(
gr(F (n) ⊗W (n))
)gln
.
The generators of the above Z≥0–graded (super) algebras are determined in
[5, Section 5]. As a consequence we conclude that Vn is strongly generated
by elements j0,k, j1,k, j±,k, k ≥ 0.
• By using the fact that Vn contains the vertex subalgebra isomorphic to
W1+∞,n, which is strongly generated by j
0,k, 1 ≤ k ≤ n, we get relation
j0,m = Pm(j
0,0, · · · j0,n−1) m ≥ n
(cf. relation (7.1) of [5])). Then by applying the gl(1|1) action on the
decoupling relation above, we get that Vn is strongly generated by the
generators described in the statement.

References
[1] D. Adamovic´, R. Lu, K. Zhao, Whittaker modules for the affine Lie algebra A
(1)
1 , Advances
in Mathematics 289 (2016) 438–479
[2] D. Adamovic´, A. Milas, Logarithmic intertwining operators andW(2, 2p?1)-algebras, J. Math.
Phys., 48 (2007), p. 073503.
[3] D. Adamovic´, O. Persˇe, Fusion Rules and Complete Reducibility of Certain Modules for Affine
Lie Algebras, Journal of algebra and its applications 13, n.1, 1350062 (2014), 18pp.
[4] K. Bringmann, A. Milas,W-algebras, false theta functions and quantum modular forms, I, Int
Math Res Notices (2015) 2015 (21): 11351–11387.
[5] T. Creutzig, A. Linshaw, The super W1+∞ algebra with integral central charge, Trans. Am.
Math. Soc. 367, No. 8 (2015), 5521–5551
[6] E. Frenkel, Lectures on Wakimoto modules, opers and the center at the critical level, Advances
in Mathematics 195 (2005) 297–404.
[7] E. Frenkel, D. Ben-Zvi, Vertex algebras and algebraic curves. Second edition. Mathematical
Surveys and Monographs, 88. American Mathematical Society, Providence, RI, 2004. xiv+400
pp.
[8] B. Feigin, E. Frenkel, Affine Kac–Moody algebras at the critical level and Gelfand– Dikii
algebras, Int. J. Mod. Phys. A7, Suppl. 1A (1992), 197–215.
[9] A.J. Feingold, I.B. Frenkel Classical affine algebras, Advances of Mathematics 56 (1985),
117–172.
[10] E. Frenkel, V. Kac, A. Radul, W. Wang, W1+∞–algebra and glN with central charge N ,
Comm. Math. Phys. 170 (2) (1995) 337-357.
[11] V. Kac, Vertex Algebras for Beginners, University Lecture Series, Second Edition, Amer.
Math. Soc., 1998, Vol. 10.
[12] V. Kac, A. Radul, Representation Theory of the Vertex Algebra W1+∞ Transform. Groups.
1 1996, 41–70.
[13] J. Lepowsky and H. Li, Introduction to Vertex Operator Algebras and Their Representations,
Birkha¨user, Boston, 2003.
[14] A. Linshaw, Invariant theory and the W1+∞ algebra with negative integral central charge,
J. Eur. Math. Soc. 13, No. 6 (2011), 1737–1768.
[15] A. I. Molev, E. Mukhin, Invariants of the vacuum module associated with the Lie superal-
gebra gl(1|1), J. Phys. A: Math. Theor. 48 (2015) 314001, arXiv:1502.03511
[16] A. I. Molev, E. Ragoucy, The MacMahon Master Theorem for right quantum superalgebras
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